Quantum effects and quantum paradoxes
Exercise sheet 8

Lecture: PD. Dr. M. Kleinmann Due: Thursday, 16.12.2021
Exercises: Jan Bonsel

1. Harmonic oscillator as pointer (4+4+43+4)
The pointer of a measurement device is modelled in terms of an harmonic oscillator. The
observable which is measured is Ag = [0X0|. The relevant Hamiltonian reads

H= g(t)ASpZ7

where pz denotes the momentum operator of the harmonic oscillator which describes the

pointer. In terms of the ladder operators the momentum reads py = 74/ hmT‘”(aTZ —az). We
assume that the pointer is initially in the ground state. Moreover, it is g(t) = a for 0 <t < 7
and g(t) = 0 otherwise. Solve the exercise in the occupation number representation.

(a) At first, we are interested in which of the matrix elements (kj|e~*7/"|£0) are non-zero.
For this purpose, calculate the matrix elements for k& # 0 and [ # 0, where the state
|kj) = |k)g ®|j), describes the system S and the pointer Z. Are the matrix elements for
k =1 = 0 non-zero?

(b) Determine poy = (00| e=*7/7|00) and show that poy — 0 for a — occ.
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How can the measurement result (0 or 1) for Ag be obtained?
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Specify the (reduced) state of the system after the measurement, depending on the meas-
urement result.

2. Quantum Zeno effect (3 + 3+ 3+ 6)
A two dimensional quantum system has the energy eigenstates [11) and [i)9) with the corres-
ponding eigenvalues E; and Fs. Assume that Fo > F;. The states are also characterised by
parity, which is represented by an operator P that acts on the energy eigenstates as P |¢)1) = [¢2)

and P [1)2) = |11).

(a) Find the eigenstates of the parity operator in terms of |¢1) and |¢9).

(b) Assuming that the system is initially in a positive-parity eigenstate, find the state of the
system at any later time ¢ > 0.

(c) At a particular time T a parity measurement is made on the system. What is the prob-
ability of finding the system with positive parity?

(d) Imagine that instead of a single measurement at time 7 you make a series of N parity
measurements at the times At, 2At, and so on, up to NAt = T. Assuming that N is
very large and At < ﬁ, what is the probability of finding the system with positive
parity at time 7?7 Compare this probability with the probability of finding the system in
the positive parity state with a single measurement at ¢ = T (that is, your answer to part
(c)). This ‘freezing’ of the system in the initial state for a repeated series of measurements
has been called the ‘quantum Zeno effect’. Hint: You may find the series expansion
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useful.



