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Exercise 12: Tensor products

Decide if the following states are separable or entangled and write them as vectors in
the standard basis:

(a) |[v) = \%(a|00> +18]11) +i|01) + $]10)) with o, 8 € C and |a]®* + |B]* = 1
(b) ) = (I ++) +]—-))

(c) [¥)
Write A ® B and B ® A in the standard basis

1(1000) + ]010) — [001) — [011))

(d) A=ao, + po, and B =0, +1
(e)

100 a o B
A=10 1 0| , B=|a" b 7
0 01 g* v ¢

(f) A= al+)(+[+bl=)(-| and B =0, ® 0,

(g) Show that (A ® A)|V~) = det(A)|¥~), where |[¥~) = \%(|Ol> — [10)) and
A € My(C). What does this result imply for the case when A € Uy(C) is
unitary and what is the physical interpretation of this property in that case?
Does there exist another two qubit pure state with that property?

Exercise 13: Partial trace

Let T € B(Ha ® Hp) be a trace class operator and |¢) € H 4. Prove the following
statements

(a) For every orthonormal basis {|i;)}r of Hp one has

(Oltrs(T)]0) =D (b @ il T|¢ @ ¢x)

(b) tr(T) = tr(tra(T)) = tr(trg(T))

(¢) T > 0 implies tr4(7) > 0 and trg(7) >0



(d) Compute the partial trace (both try and trg) for the following states

(1) p = 3(100)(00] + [10){10] + [01)(01| + [11){11])
(it) p = 5(|00){00] + [11){11])
(ii) p = |v)(e] with [¢) = J5(|01) +]10))

Exercise 14:

Let 1 be a Hilbert space with dim(H) = n < oo and A, B € B(H). Show the
following:

(a) (AB)*=A"®B*, (A®B)' =AT®B" and (A® B)! = AT @ Bf
(b) f A,B€ U(H),then A BeUH®H)

(c) If A, B hermitian, then A ® B hermitian
(d) If A,B >0, then A® B >0

(e) If A, B are projectors, then A ® B is a projector

Let Aj, As, A3 be complex Hilbert spaces with dim(A4;) = n; < oo for i = 1,2,3.
Prove the following

(f) A ® Ay~ Ay @ Ay

(8) Co® A=A

(h) A1 ® (Ay® A3) ~ (A1 ® Ay) ® A3

(i) (A1 ® Ay) ® Az ~ (A @ A3) @ (A @ A3)



