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Recall that the characteristic functions of a state ρ are defined by

CW(λ) = Tr(ρeλa
†−λ∗a) (Wigner), (1)

CN(λ) = Tr(ρeλa
†
e−λ

∗a) (normally ordered) (2)

CA(λ) = Tr(ρe−λ
∗aeλa

†
) (antinormally ordered) (3)

Then the three (quasi)-probability distributions are given by

Q(α) =
1

π2

∫
dλeλ

∗α−λα∗CA(λ) (4)

P (α) =
1

π2

∫
dλeλ

∗α−λα∗CN(λ) (5)

W (α) =
1

π2

∫
dλeλ

∗α−λα∗CW(λ) (6)

From the above definitions, one can show that

ρ =

∫
dαP (α) |α〉 〈α| , Q(α) = 〈α| ρ |α〉 /π, (7)

and

W (q, p) =
1

2π~

∫ +∞

−∞
dx

〈
q +

x

2
|ρ|q − x

2

〉
eipx/~, (8)

where q and p are the position and momentum operators, and |q ± x〉 are the eigenstates of the
position operator.

12. Examples of the phase space representations

(a) [5pts] Compute the Q-function and P -function for the single mode thermal state ρ =

[1− e−~ω/kT ]e−~ωa
†a/kT .

(b) [10pts] The squeezed state is given by |α, ξ〉 = D(α)S(ξ) |0〉, where S(ξ) = exp
[
1
2(ξ∗a2 − ξa†2)

]
(squeeze operator) and D(α) = exp(αa† − α∗a) (displacement operator). Compute the
Wigner function for the squeezed state |α, ξ〉 for the case ξ = r is purely real. Describe
how it evolves over time.

13. The squeezed state

(a) [5pts] Compute the Wigner function for the statistical mixture of two coherent states
ρ = 1

2(|α〉 〈α|+ |−α〉 〈−α|). Describe how it evolves over time.

(b) [10pts] Compute the Wigner functions for the optical cat states |Meow±〉 = 1/N±(|α〉 ±
|−α〉). Describe how they evolve over time.

(c) [∗,5pts] Plot the Wigner functions obtained in (a) and (b) by a suitable computer program
of your choice. Sketch the outcomes on your sheet. What are the difference between the
two.
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