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1. Review of the quantum harmonic oscillators

Consider the quantum harmonic oscillator with Hamiltonian
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where X and P are the position and momentum operators, [X,P] = ih. The creator and
annihilator are defined by
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then [a,a’] = 1 and one can write H = hw(a’a + 3). The energy eigenbasis is denoted by |n),
n=20,1,...

(a) [5pts] Suppose the system is initially in state [¢(0)) = «|0) + 8 ]1) with |a|? + |3]? = 1.
In the Schrodinger picture, find the state [¢(¢)) of the system at time t expressed in the
energy eigenbasis.

(b) [5pts] Compute X (¢) and P(t) in the Heisenberg picture.
(c) [5pts] Compute (X ()X (0)) for the initial state |1)(0)).

2. Vacuum fluctuations of the electromagnetic field

Recall from the lecture that the electromagnetic field linearly polarised along the z-axis, prop-
agating with wavevector k along the z-axis, is given by

El;(z, t) = E(’)C [ak(t) + a};(t)] sin(kz), Bj(z, t) = B(])C [ak(t) + aL(t)] cos(kz), (3)

with w = ke, E§ = /hw/eoV, BE = pio/k+\/eohw3 ]V, where V is volume of the cavity containing
the field. Confined to the cavity of length L, the wavevector is quantised as k = nw/L, n =
1,2,...

(a) [5pts] Compute the fluctuation ([AEX(z,1)]?) = ([EF(2,1)]%) — (EX(z, t)>2 for the vacuum
of the mode.

(b) [5pts] Consider all modes in the cavity, the total field operators are then
Eﬂv(zat) :ZEI:LC’(Zat)a By(Z,t) :ZB];(Z,t), (4)
k k

Show that the total fluctuation is the sum of the fluctuations of all the modes.

Remark: For simplicity, we do not consider waves propagating in other directions, and fix
the polarisation.

(c) [5pts| Estimate the physical fluctuations a physical probe can detect when placed in the

middle of the cavity. Note that an actual physical probe always has finite size, say §
(0 < L).



