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Exercise 1: Density matrices and Bloch sphere

a) Decide if the following matrices are quantum states. If so, determine if the state
is pure or mixed.

(i)

%0 =
1

4

(
1 i
i 3

)
; (1)

(ii)

%1 =

(
1
2

3
2
− 2i

3
2

+ 2i 1
2

)
; (2)

(iii)

%2 =

(
cos2(ϑ) cos(ϑ) sin(ϑ)e−iϕ

cos(ϑ) sin(ϑ)eiϕ sin2(ϑ)

)
(3)

where ϑ, ϕ ∈ R;

(iv)

%3 =

(
5
40
− i

100
i

100
1
16

)
; (4)

(v)

%4 =
1

2

(
1 (2p− 1)

2p− 1 1

)
, (5)

where 0 ≤ p ≤ 2.

b) Calculate the Bloch vector of the following density matrix

% =

(
a b
b∗ c

)
, (6)

where a, c ∈ R, a+ c = 1 and
√

(a− c)2 + |b|2 ≤ 1.

c) Show that for orthogonal states of a qubit |φ〉 , |ψ〉 the corresponding Bloch
vectors ~rφ, ~rψ admit the relation ~rφ = −~rψ.

Please turn!



Exercise 2: Density matrices und Bloch sphere

a) Show that for any hermitian 2×2 matrix A = (aij) the following statements are
equivalent:

(i) A has no negative eigenvalues:

(ii) 〈ψ|A|ψ〉 ≥ 0 for all |ψ〉;
(iii) det(A) ≥ 0, a11 ≥ 0 and a22 ≥ 0.

b) Consider the qubit density matrix in the Bloch representation % = 1
2
(1+ rxσx+

ryσy + rzσz). Determine the range of ~r, for which the density matrix is positive
semidefinite.


