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What is incompatibility?

e No information without disturbance - no information = no disturbance
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What is incompatibility?

» No information without disturbance - information = disturbance
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What do we want to see?

« Are channel A and observable A compatible? - Two points of view!
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Channels compatible with an observable?

Channels €

« What channels are compatible with A?

™ | . . ; %(9)

o

e convex
e contains Luder’s channel
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Channels compatible with an observable?

« What channels are compatible with A?

y *
AQ) Channels €
e convex
e contains Luder’s channel

« contains all completely depolarizing
channels
* left ideal of the set of all channels




Channels compatible with an observable?

« What channels are compatible with A?
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e convex

* contains Luder’s channel

« contains all completely depolarizing
channels

» left ideal of the set of all channels




Channels compatible with an observable?

« What channels are compatible with A? - Minimal Naimark dilation of A and
some subsequent channel
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Observables compatible with a channel?

« What observables are compatible with A?

Observables $)

convex
closed under postprocessing
contains trivial observable




Observables compatible with a channel?

« What observables are compatible with A?
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Observables compatible with a channel?

« What observables are compatible with A? Channel may be a consequence of
some inherent losses
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Observables compatible with a channel?

« What observables are compatible with A? Channel can be also a consequence
of a loss of information that leaked to an eavesdropper
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Observables compatible with a channel?

« What observables are compatible with A? Stinespring dilation gives us an
additional conjugate channel.
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Observables compatible with a channel?

« What observables are compatible with A?
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Unbiased, binary, qubit observables

« Unbiased observable gives for completely mixed state outcomes from uniform
distribution

 Binary observables have two outcomes

« Qubits are nice af
N
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As,i(E) = (U 571 0)

« Postprocessing only decreases s - we will never get after processing more
information; therefore our objective is to find maximal s




Unbiased,M, qubit channels

» Unbiased channel:
“Just call me unital” P31

o Riiaewnsivenmusionnemtn, 1

e Qubits are nice -random unitary channels;
we study Pauli channels
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Yp5(0) = ) pjojeo;
j=0
characterized by probability vector 0
p = (Po, p1, P2, P3) Z pi=1 ~ 7

« All observables compatible w1th ¥ are givenas A(X) =) PipiFki(x)0k0;
k,l




Sufficient condition

« An unbiased binary qubit observable Agj; and Pauli channel V5 are

compatible if
sn{  s°ns  s°n;
+ + <1
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Sufficient condition

« An unbiased binary qubit observable A;; and Pauli channel V5 are

compatible if
2,2 2.2 2.2

872214-872224-82351 (1 n’l né né\
Ty TT5 5 F(+)EF:1 nil .1, —in, i{”té/
where 2lny, ing 1 —im
n, —in, in, 1
w1 =2(y/Pop1+ v P2p3) \%3 2 1 J
72 =2(y/pop2+ v/ P1P3) 017

713 =2(v/Pops + vV P1P2) i = Qij=0ijm;

e Proof:
Not really elegant... we just provide F(+), which is a projection




Necessary condition

« An unbiased binary qubit observable A;; and Pauli channel V5 are

compatible only if
2,2 2.2 2.2
s°ny  s°n5  s°n
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 Proof:
- NONE -

- But in specific cases we have it: A Pauli channel ¥ is compatible with Az,
if and only if [s|=mx;.

e Proof:
Showing that F(+) we have in the sufficient condition is optimal.




SDP tormulation

Lot (0 popi O 0o )
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Primal problem:
s =maxTr[X(7i- )]

Subiject to:
O0<X<I

Tr[X(7i, -2)] =0

Dual problem:
s=minTr[A]

Subiject to:
A= (l+vii))-2
1=0 veR




SDP formulation - specific cases with v=20

Primal problem:
s =maxTr[X(ii-2)]

Subiject to:
0<X<I
Tr[X (7, -2)] =0

Dual problem:
s=minTr[A]

Subiject to:
A=7-2
A=0

If P is the projector to the positive
subspace, then

elet A=P(/i-2)P and X=P
then s="Tr[P(n-X)], dual conditions
are satisfied together with X being an
effect, but in general

Tr[P(7i, -2)] #0

- or we can choose X =F = F? from the _
sufficient condition and take A =F(7n-X)F
then s=Tr[F(7n-X)], primal conditions
are satisfied together with the first dual
condition, but in general AZ0

e Enough (?): A=F(ii+vii,) -2F




[dentity channel

« Red point p=(1,0,0,0)

2= Zy =2,=0
p3
1 |
1/2 1
p2
0




Unitary channels

 Blue dots p=1(0,1,0,0)
p=1(0,0,1,0)

p=(0,0,0,1)
$,=%,=3,=0
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Completely depolarizing channel T'i/4(p) = %ﬂ

1
e Yellow dot p = Z(l’ 1,1,1)
n->=F
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Partially depolarizing channels r,©) =a-4pe+2p

 Purple line (only sufficient?)
p=0-3p,p,p,p), p€l0,1/4]
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s<2[p++vpl-3p)]




Quantum NOT -T'y/3
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e Greendot p= 5(0, 1,1,1)
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Phase damping channels

« Cyan line p=(p,0,0,1-p)
only one Z; is non-zero
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s<2ypl-p), x=y=0

e contains Luder’s channel

LAe) = VAF) VAR + VA VA




Phase damping channels

« Cyanline p=(p,1-p,0,0)
only one Z; is non-zero
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s<2v/p(l-p), y=z=0

e contains Luder’s channel

LAe) = VAF) VAR + VA VA




Phase damping channels

« Cyanline p=(p,0,1-p,0)
only one X; is non
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0

s<2y/p(l-p), x=2z

e contains Luder’s channel

LAe) = VAF) VAR + VA VA




Measure and prepare channels _

O:(0) = TrlpAs s, (H)1A1 6, (+) + Tr[oAL 5, (=)]A1 5,(-)

' « Composition of an absolutely
e Orange line

damping channel and a partially
depolarizing channel
* Measuring afterwards Agz ,

ﬁ:Z(l—l_ tL,1-t,1-t,1+1) &

P3
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s+r°<1




Thank you for attention!




