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Joint measurements

Joint measurement M

Is a compound measurement of a set of compatible observables (e.g. M, MQ)

described by {Ekzl,kgM/l} : Z Ek;l,k:2|/\/l =i
k1,k2



Joint measurements

Joint measurement M

Is a compound measurement of a set of compatible observables (e.g. My, Mg)

described by {Ekzl,k2|M} : Z Ek;l,k:2|/\/l =7
k1,k2

Marginality condition:

E Ery koM = By vy s
ko

> By koim = By,

Does (an optimal) joint measurements exist?  Compatibility of the observables

How to construct them?

Can we answer with a single recipe?



Quasi-probability representation

* Quasi-PR of the quantum states and measurements:

Ferrie & Emerson JPA (2008)



Quasi-probability representation

* Quasi-PR of the quantum states and measurements:

Frame representation(orthogonal basis):

{F\} ZFA =1 mm) Zup pp(A) = Tr[pF]

(D)} , TrDA =1 mm) ZﬁE k) =1 e (kA) = Tr[E)D;]

Tr (F)\ D)\’ ) — 5)\,)\’ Orthogonal, and thus form a complete basis
Ferrie & Emerson NJP (2008)



..continued

Frame representation

O = ZTI’(OD)\)FA , vV O
A

Ep =) Tr(EpDy)Fx wb py =Tr[Eip] = Y Tr(EpD))Tr(pF)
A A

=3 en(k ()



..continued

Frame representation

O = ZTI“(OD)\)FA , vV O
A

Ep =) Tr(EpDy)Fx wb py =Tr[Eip] = Y Tr(EpD))Tr(pF)
A A

=3 kN, (N

A general class of a frame: phase-space point operators
Wigner represe Nntation (Wootters 1987, Gross 2006, et al)

W)\ED)\ZdF)\

Wigner representation of a single effect:

[Ek = ;;TI‘(E;CW)\)WA — ;;gE(k)\)W)\}




Qubit example:

Phase-space point operators: l) m =0, 1
1
Wi = 5 [I + (—1)l01 + (=1)"o9 + (—1)l+m ] Discrete phase space

01 =T -0 = sinf cos po, + sin f sin POy 1 COS o
o9 =0 - o0 = cos b cos po, + cosfsin po, —sinbo,

T
™m

E:I:|X — (1 i%% [

1 10 11
Eyz= Q(Iinzaz) z l

Wootters (1989)
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Bloch VS Frame
{I 01,09, 0'3} Tr(oi05) = 65 {Woo, Wio, Wor, Wit} Tr(WaWy) = 255
State State
3
p= 10 > Hollm) Wi,
3=0 [,m=0,1
Effect Effect
E = Z €;0 ; Z fE(k‘lm)Wlm
. [, m=0,1
7=0
Born’s rule Born’s rule [ 'LLP(Zm) B Tr(lede}

3
pr = Tr(Epp) = > el
7=0

pe =Tr(Epp) = Y Ep(klim)p,(im)
l,m=0,1




Quasi-PR of the joint measurements

Ansatz: For a given set of observables {Ml , MQ}

1
By sl = > Tr(Epy ag, Wa) T (B 4z, Wa) Wi
A

1 Factorized conditional quasi-probabilities
= > &, (ka|N)éas, (k2| YWy 20 ”
Recall:
A
Margina“zing [plﬁka./\/l — ZfMl (k1|>‘)€M2 (kQ)\):uP<>J
A
1
By, =Y By o = p Y Te(Egy s, WA)TEY | By, Wa) W
ko A ko T~

1
= E Z TI'(Ek1|M1 W)\)W)\
A



Quasi-PR of the joint measurements

Ansatz: For a given set of observables {Ml , MQ}

1
By sl = > Tr(Epy ag, Wa) T (B 4z, Wa) Wi
A

1 Factorized conditional -
B d Z€M1 (k1| A)Enry (k2| \) W >0 ::C:'l ed conditional quasi-probabilities
>\ .
Marginalizing [pzﬁ/m/vt = Zng(kj)\)fMQ(k’Q)\)lup<)J
A

=D Brypaim = ZTI’ By 3, WA T (Y By 3, W)W
k ko \‘ZEk =1 , Tr(Wy) =1

— E Z TI'(Ek1|M1 W)\)W)\

Joint measurement of n compatible observables:

Bona = 5 3 En(bAy M = {M, -, My}

. k= (ki k)
=52 L& (sl w.
A j=1



Quasi-PR of the joint measurements

Joint measurement of n compatible observables:

M:{Mla'” 7Mn}
k:(kla'“ 7k’n,)

Conjecture:

One can always find a suitable frame by which the
joint measurement of the n compatible observable
can be represented as

By MmN W
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Compatibility criteria..

Sufficient( for arbitrary number of measurements) : Come from positivity condition

S (emlkltt) — enatklti o)) <2 T (Snkltd) + (ki i o 1)) %

1=0,1 1=0,1

Probabilistic version Recall: . .
‘fM(k”’m) - HfMg (k.?“?m) — H Tr(Ek:j\Mlem
Jj=1 j=1




Compatibility criteria..

Sufficient( for arbitrary number of measurements) : Come from positivity condition

S (emlkltt) — enatklti o)) <2 T (Snkltd) + (ki i o 1)) %

1=0,1 [=0,1
Probabilistic language Recall: . .
Emkll,m) = T &, (kjl1,m) = T Te(EBr, ag, Wim
Jj=1 j=1
For n = 2

Necessary (Busch Criterion):

‘771 o 772| —I_ |771 _I_ 772‘ S 2 %%  Quantum language

Symmetric (unbiased) qubit effects:

* S Kk
Necessary and sufficient

** Paul Busch PRD(1986)



Concluding remarks..

Advantages of the quasiprobability approach to quantum compatibility & joint measurability:

Conceptual

» A (quasi-)probabilistic ( “classical-like”) description of the
compatibility and joint measurability; offers unifying picture

Compatibility outside QM and Compatibility inside QM

Practical

» General construction of (optimal) joint measurements
of multiple measurements using frame representation
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» A (quasi-)probabilistic ( “classical-like”) description of the
compatibility and joint measurability; offers unifying picture

Compatibility outside QM and Compatibility inside QM

Practical

» General construction of (optimal) joint measurements
of multiple measurements using frame representation

Thank you



