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Abstract
Temporal correlations inquantummechanics are the origin of several non-classical phenomena, but
they dependon thedimensionof theunderlying quantumsystem.This allows one touse such
correlations for the certification of aminimalHilbert space dimension.Hereweprovide a theoretical
proposal and an experimental implementationof a device-independent dimension test, using temporal
correlations observedon a single trapped 171Yb+ ion.Our test goes beyond theprepare-and-measure
schemeof previous approaches, demonstrating the advantage of genuine temporal correlations.

Introduction

Correlations arising from sequentialmeasurements on a single system can be used to construct Kochen–Specker
[1] and Leggett–Garg inequalities [2], which test whether the system’s dynamics andmeasurements admit a
classical description. In particular, Leggett–Garg inequalities hold if a theory fulfills the assumptions of
macrorealism and non-invasivemeasurability. Quantummechanics does not satisfy these conditions and
violations of Leggett–Garg inequalities have been observed in experiments [3, 4].Moreover, noncontextuality
inequalities have been experimentally violated (see e.g. [5]). This triggered research on the questionwhich
temporal correlations can be realizedwithin quantummechanics [6–10]. For the spatial scenario, i.e. the Bell
scenario, it is well known that there exist no-signaling correlations that cannot be obtainedwithin quantum
mechanics [11]. In contrast to that, for the temporal scenario it is possible to obtain all correlations that do not
exhibit signalingwith respect to the past within quantum theory, if one does not restrict the dimension of the
quantum system and the type ofmeasurements [12, 13]. If the dimension of the system is restricted, however,
some correlations cannot be realized [13]. This allows one to exploit temporal correlations for testing the
dimension of a quantum system. Sequentialmeasurements can also be used towitness quantum coherence [14].

Certifying theminimal quantumdimension is an important task for the following reasons. First, it has been
realized that for some applications in quantum information theory such as quantumkey distribution high-
dimensional systems are advantageous compared to low-dimensional ones [15, 16]. Second, high-dimensional
systems becamewithin reach of current technology, e.g. in photonic systems [17–21]. This requires the
certification of the dimension of the system that can be accessed andmanipulated in an experiment.

Dimensionwitnesses are inequalities that hold true for amaximal dimension and therefore their violation
provides a lower bound on the dimension. They have been put forward for different scenarios. Some of them
rely on assumptions about the type ofmeasurements [22–24] such as their projective nature or the fact that the
time evolution of the system should be (at least on a coarse-grained time scale)Markovian [25, 26] or only
reversible transformations are applied [27].

Device-independent dimensionwitnesses have been obtained for bipartite systems [28] using Bell
inequalities and for single systems [29–34] for the prepare-and-measure (P&M) scenario. In this scenario states
chosen from a set of states {ρξ} are prepared and then ameasurement chosen out of a set ofmeasurements

m{ } is performed resulting in correlations xmp a( ∣ ) for obtaining outcome a given the respective state
preparation ξ andmeasurement processμ. Dimensionwitnesses in the P&Mscenario have been experimentally
implemented [32, 35, 36].Moreover, dimensions bounds have been obtained bymaking use of random access
codes [37].
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Recently, dimensionwitnesses based on sequences of general measurements have been introduced [13]. In
this scenario sequences ofmeasurements are performed on a quantum state  in (see figure 1). In particular,
themost generalmeasurements within quantummechanics are considered and an arbitrary (outcome-
dependent and time-dependent) transformation of the system between themeasurements is allowed. Hence,
the post-measurement states can depend on the initial state, previousmeasurement outcomes, previous
choices ofmeasurement settings and the time evolution. Note that in contrast to the P&M scenario the post-
measurement states are here essential for the correlations ¼ ¼p abc xyz( ∣ ). The witnesses obtained in this
scenario are device-independent, only relying on the assumption that at each time step themeasurements are
chosen out of a fixed set ofmeasurements that does not vary with time. That is, in contrast to previous
dimensionwitnesses using temporal correlations [22–27] no assumptions on themeasurements or the
transformations in-between themeasurements have to bemade. A scenario similar to ours in which however
no relation among themeasurements performed at different times is assumed has been discussed in [34]. But
dimension bounds have been derived only based on the correlations obtained formeasurement sequences of
length two [13, 34]. Measurement sequences of length twomay still be interpreted in the P&M scenario. Here
the preparation process would be implemented by the firstmeasurement, whereas the secondmeasurement
would act as the actual measurement process providing the correlations. Note, however, that dimension
witnesses based on temporal inequalitiesmay also include correlations with themeasurement outcome of the
firstmeasurement. Sincemeasurements can be repeated in our scenario, such correlations lack a clear
interpretation in the P&M scenario.

In this paper we propose a dimensionwitness using truemultipoint temporal correlations which does not
allow for an interpretation in the P&M scheme and shows a potentially larger ratio of violation than the
dimensionwitnesses obtained in [13].We report the implementation of this witness on a single trapped
171Yb+ ion and certify themanipulation of a three-dimensional system in the experiment. For reference, the
dimensionwitnesses of [13] have been experimentally implemented. This shows that dimension tests based
on temporal correlations are of practical relevance and can be used to certify lower bounds on the dimension
with current state technology.

Temporal inequalities

Measurement sequences on a quantum system fulfill the arrowof time (AoT) constraints [38], i.e. the choices of the
measurement settings at all subsequent time steps cannot influence the probabilities obtained formeasurements
that have been already implemented. TheAoT constraints define for every length, number ofmeasurements
settings andnumber of outcomes the temporal correlation polytope.The extremepoints of this polytope
correspond to the deterministic assignments, i.e. the correlations are either zero or one, that obey theAoT
constraints [13, 39] and all correlations of this polytope canbeobtainedwithin quantummechanics (even if
measurement can be repeated) if thedimension of the quantum system is unrestricted [12, 13].However, already
for themost simple scenario of sequences of length two and twomeasurement settingswith twooutcomes each
there are extremepoints of the polytope that cannot be reachedwith generalmeasurements on a qubit.

This dimension dependence can be used to construct temporal inequalities that act as a dimensionwitness.
Recall that by p ab xy( ∣ )we denote the correlations obtained by performing in the first stepmeasurement
Îx 0, 1{ }and obtaining outcome Î + -a ,{ }and in the second time stepmeasurement Îy 0, 1{ }with

Figure 1. Sequences of generalmeasurements on a quantum state  in result in correlations ¼ ¼p abc xyz( ∣ ), where ¼x y z, ,
denotes themeasurement settings and ¼a b c, , the respective outcomes. Themeasurements that are performed in the respective time
steps are denoted byx ,y andz and the corresponding post-measurement states are given by ¢  , and out. The same
measurement device can be used at different time steps.
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outcome bä{+,−} (see alsofigure 1). Let us then consider the four sums of correlations
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The algebraicmaximumof the quantities i, i.e. theirmaximal possible value, is attained at the corresponding
extreme point and is given by = 4i . In order to reach = 41 independent of whether0 or1 is
performed, the outcome in the first time step has to be ‘+’. If the samemeasurement is repeated in the second
time step one has to obtain outcome ‘+’ again. Performing a differentmeasurement in the second time step has
to yield deterministically ‘−’. This, however, is not possible to accomplishwithmeasurements on a qubit and
consequently one can find upper bounds on i for qubits. In particular, the following upper bounds have been
found in [13] for generalmeasurements (see appendix A formore details) on a qubit
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If the value of  i
exp obtained in an experiment exceeds the upper bound this certifies that the system is at least

three-dimensional. It is possible to reach the algebraicmaximumof = 4i withmeasurements on a qutrit (see
[13], appendix C and below for corresponding protocols).

The dimensionwitnesses based on sequences of length twomay still be interpreted as a P&M schemewhere
thefirst (second)measurement corresponds to the state preparation (measurement step) in the P&Mscenario
respectively. It is, however, not clear how to interpret the probabilities obtained in the first time step for the
sequential witnesses i in a standard P&Mscenario. To go clearly beyond the P&Mscenario we consider the
following dimensionwitness thatmakes use of temporal correlations among three time steps
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As before, the algebraicmaximumgiven by = 8 is attained for an extreme point of the temporal correlation
polytopewhich can be obtainedwithmeasurements on a qutrit. Hence, a violation of this inequality certifies a
dimension of at least three (see appendix B for the proof of the upper bound for two-dimensional systemswhich
partially relies on numerics).Moreover, note that the inequality (3) shows a larger separation between a qubit
and a qutrit (in terms of the ratio of theirmaximal achievable values) than the inequalities presented in
equations (2).

Experimental setup

In order to obtain themaximal possible violation of the inequalities and to provide an unimpeachable bound on
the dimensionwe prepare the initial state and implement the respectivemeasurements that allow us to reach the
corresponding extreme points (for details see below and appendix C). These can be implemented by using the
following building blocks: a two-outcome projectivemeasurement, the preparation of the system in a pure state
and unitaries that permute two levels. In the followingwe explain the experimental details on the
implementation of these building blocks.

The experiments are performed using aDoppler cooled +Yb171 ion, stored in a three-layered,micro-
structured, segmented Paul trap [40, 41]. The qutrit is encoded in the Zeemanmanifolds of the hyperfine
split S2

1 2 electronic ground state, namely ñ º = = ñF m0 0, 0F∣ ∣ , ñ º = = ñF m1 1, 0F∣ ∣ , and ñ º =F2 1,∣ ∣
= - ñm 1F (see figure 2) [42–44].
The preparation of the state ñ0∣ is realized by driving the transition between the states = ñS F, 11 2∣ and

= ñP F, 11 2∣ with a 369 nm laser light, followed by spontaneous decay back into the states ñS2
1 2∣ . The decay

into the state = ñS F, 02
1 2∣ decouples the ion from the driving field as this state does not interact resonantly with

the 369 nm laser light.
The unitaries

p º - ñá + ñá + ñáji 0 1 1 0 e 2 2 401
i 2(∣ ∣ ∣ ∣) ∣ ∣ ( )
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and

p º - ñá + ñá + ñáji 0 2 2 0 e 1 1 502
i 1(∣ ∣ ∣ ∣) ∣ ∣ ( )

are implemented up to a global phase by resonantly driving the transitions ñ0∣ ↔ ñk∣ (k=1, 2) using radio
frequency (rf) radiation (see figure 2) [42, 45].

The idling unitary

º ñá + ñá + ñáj j¢ ¢I 0 0 e 1 1 e 2 2 6i i1 2∣ ∣ ∣ ∣ ∣ ∣ ( )

is implemented by a free evolution (no driving field). All sequence timings are equalized by adding a pause block
to ensure that all pulses and the detection are carried out at the same time respective to the line trigger.
Unintended (butfixed) phase shifts are labelled byjk andj¢k.

For state detection, the transition between the states = ñS F, 12
1 2∣ and the state = ñP F, 02

1 2∣ is driven by a
near resonant laser at 369 nm. Fluorescence photons generated by spontaneous decay back to the ñS2

1 2∣ -states
are detected by an electronmultiplying CCDcamera. The implementation of a projectivemeasurement is
realized by discriminating the non-fluorescing dark state ñ0∣ (corresponding to themeasurement operator
ñá0 0∣ ∣) against the indistinguishable bright states ñ1∣ and ñ2∣ (corresponding to ñá + ñá1 1 2 2∣ ∣ ∣ ∣) [46–48, 42].

Implementation of the dimensionwitnesses

In the experiment themeasurement sequences are performed that allowone to reach the extreme points leading
to the algebraicmaximumof the considered quantities. The corresponding pulse sequences are given in table 1.
Let us consider themeasurements that lead to themaximumvalue of 1 inmore detail. The system is initially
prepared in the state ñ0∣ . The pulse sequences formeasurement0 realize the projectors

= ñá + ñá+ 0 0 1 10 ∣ ∣ ∣ ∣∣ corresponding to outcome ‘+’ and = ñá- 2 20 ∣ ∣∣ associated to outcome ‘−’. The post-
measurement state is ñ1∣ irrespective of the outcome. For themeasurement1one obtains projectors of the
form = ñá + ñá+ 0 0 2 21 ∣ ∣ ∣ ∣∣ and = ñá- 1 11 ∣ ∣∣ . The state after thismeasurement is ñ2∣ for both outcomes.
Note that both instruments are implemented by first applying a projectivemeasurement and then preparing the
system in a state which only depends on the setting (not on the outcome). It can be easily seen that therefore these
measurement allowus to attain themaximal possible value for 1. Themeasurements leading to the algebraic
maximumof the quantities are explained in appendix C.Note that themeasurements that provide themaximal
possible violation of the inequality   are the same as the ones for themaximal violation of  1 1.

Themeasurements given in table 1 are then combined yielding the full sequence, i.e. the full sequence starts
with a preparation P0 of the state ñ0∣ followed byx andy ( Îx y, 0, 1{ }). After eachmeasurement

Figure 2.Energy levels and transitions relevant for preparation,manipulation and detection of the +Yb171 ion. The energy splittings
are not to scale. A radio frequency (rf)field near 12.6 GHz is used for coherentmanipulation of the qutrit.With specific shifts of the rf
the transitions ñ « ñ0 1∣ ∣ and ñ « ñ0 2∣ ∣ between the states can be driven. The detection is realized by resonance fluorescence from the
ion exited by a laser near 369 nm that drives the transition between = ñP F, 02

1 2∣ and = ñS F, 12
1 2∣ . By shifting the cooling/

detection laser by 2.1 GHz, the ion can be prepared in ñ0∣ by a decay from = ñP F, 12
1 2∣ to = ñS F, 02

1 2∣ . The arrows indicate the
driven transitions by laser. The dashed arrows indicate the rf driven transitions.
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sequenceDoppler cooling is performed in order to prepare the ion for the nextmeasurement sequence (see also
appendix C). To achieve a low statistical uncertainty and a significant violation, all sequences are repeated at least
1000 times.

Results

The values obtained in the experiment for the quantities  i
exp and  exp are given in table 1. The observed

violations of the temporal inequalities certify a dimension of at least three for the quantum system that is
manipulated in the experiment. The error for  i

exp and  exp given in table 1 correspond to the confidence
intervals of 68% calculated usingHoeffding’s tail inequality [49] (see appendix E). The algebraicmaxima of the
quantities are not achieved due to the limited detection fidelities which are given for a bright state by around 0.96
and for a dark state by 0.98 in the experiment using the single thresholdmethod. Thesefidelities explain the
deviationwell, as they restrict themaximal achievable value to approximately 3.8 for the quantities  i

exp and to
around 7.22 for  exp .

It should be noted that the temporal inequality based on the sequence of length three does not only show a
higher value of violation in absolute terms but also provides a larger violation ratio  exp =1.34±0.01>
 i i

exp for all Îi 1, 2, 3, 4{ }.

Dimension analysis

In order to derive quantitative statements about the dimension of themeasured systemwe consider the
following scenario. Let us assume that we have access to a qutrit and a qubit and for each of themwe can
implement the protocol that allows us to obtain the correspondingmaximumof i, i.e. 4 or i respectively.
Thenwe determine the frequency pi ofmaking use of the qutrit that is necessary to achieve a value of
 i

exp , i.e. + - = p p4 1i i i i
exp( ) . Hence, we have = - -  p 4i i i i

exp( ) ( ) and analogously
= - -  q 8exp( ) ( )with q being the frequency of using the qutrit that is required to obtain the observed

value of  exp .We obtain for the observed data that

=  = q p0.64 0.02, 0.65 0.06, 71 ( )

=  = p p0.66 0.06, 0.70 0.07, 82 3 ( )

= p 0.64 0.07. 94 ( )

This shows that for all  i
exp and  exp inmore than 60%of the cases a qutrit has been used.

Table 1.Pulse sequences for the optimalmeasurements and experimental
values for the quantities i and  (see equations (1) and (3)). The pulse
sequences have to be read from left to right. Eachmeasurementi is
started by a sequence of a unitary p0k or idling (I) for the same duration.
The pulse is followed by detection (D), Doppler cooling (C), re-
preparation in ñ0∣ (P0) and another unitary. It is indicatedwhether the
measurement result+ or− is assigned to the observation of fluorescence
(B) in the detection step. The values for the quantities  i

exp and  exp

obtained from the experimental data are listed.

Meas. Pulse sequence Outcome B Exp. values

1 0 p pD C P002 01 + 3.65±0.06

1 p pD C P001 02 +
2 0 p pD C P001 01 + 3.66±0.06

1 p pD C P002 02 +
3 0 pI D C P0 01 − 3.75±0.06

1 p pD C P001 02 +
4 0 p pD C P001 01 + 3.70±0.06

1 pI D C P0 02 −

 0 p pD C P002 01 + 7.00±0.05

1 p pD C P001 02 +

5
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Critical analysis

Quantummechanics predicts that the correlations fulfill theAoT constraints. For sequences of length two these
are given by

å å= ¢ ¢p ab xy p ab xy a x y yfor all , , , . 10
b b

( ∣ ) ( ∣ ) ( )

Wecritically examined the data used to calculate the quantities  i
exp and  exp in the previous sectionwith a

likelihood-ratio test to evaluate the probability of obtaining a violation of the AoT constraints that is at least as
high as the observed one under the assumption that theAoT constraints hold true, see appendix E.We obtain
that for our data the violation of the AoT constraints are atmost equivalent to 1.4 standard deviations and hence
are statistically not significant.

Conclusion andperspectives

Wepresented a temporal inequality based onmeasurement sequences of length threewhose violation certifies a
dimension of at least three. By relying on such longer sequences this inequality does not allow for an
interpretation in the P&Mscenario.Moreover, it provides a larger ratio of violation than the dimension
witnesses based on sequences of length two that have been introduced previously.We implemented these tests in
an experiment using a single trapped 171Yb+ ion andwe certified the access to a three–dimensional system.Note
that in the implementation no superposition of quantum states appears, i.e. the extreme points can be attained
with a classical strategy using a three- dimensional system. It would be of relevance to characterize which
temporal correlations can be attainedwith a classicalD-dimensional system (in comparison to a qudit) and to
providemethods distinguishing them.

In our analysis wefind that sequences of length three offer stronger tests on the dimensionality than
sequences of length two.Hence, it is of interest to investigate whether the violation of the inequalities can
increase exponentially with the length of the sequence.Moreover, it would be important to investigate further
how to exploit temporal correlations to identify a benchmark based on state preparation andmeasurements and
to use this to test quantumdevices.

We thankCostantino Budroni and JannikHoffmann for helpful discussions. This work has been supported
by the ERC (Consolidator Grant 683107/TempoQ), theDFG, the Austrian Science Fund (FWF): J 4258-N27,
the FQXi LargeGrant ‘TheObserverObserved: a Bayesian Route to the Reconstruction ofQuantumTheory’,
FIS2015-67161-P (MINECO/FEDER) andBasqueGovernment (project IT986-16).

Note added

After completion of thismanuscript the dimensionwitness proposed in [23] has been implemented using the
IBMquantum experience [50].

AppendixA. Background

As described in themain text we examine sequences of generalmeasurements on a quantum state resulting in
correlations ¼ ¼p abc xyz( ∣ ). In particular, we consider themost generalmeasurements that are allowed
within quantummechanics. Suchmeasurements can be described in terms of instruments [51]. These are
collections of completely positive trace-nonincreasingmaps a x a{ }∣ such thatå a a x∣ is trace-preserving. The
action of thesemaps on a quantum state ρ can bewritten as r r= å  a x i i i( ) ( )∣

† with someKraus operators
i that depend on the outcome and themeasurement. The probabilities are computed as

= p a x tr a x in( ∣ ) [ ( )]∣ and the respective (unnormalized) post-measurement states are given by

=  . 11a xout in( ) ( )∣

Any instrument can be implemented by coupling the systemwith a unitary transformation (that depends on the
instrument) to an ancilla and performing a projectivemeasurement on the ancilla (see e.g. [51]). In case, one is
interested in the probability of a singlemeasurement it is sufficient to consider the effects = å  a x i i i( )∣

†

defined by the instrument a x∣ due to = p a x tr a x in( ∣ ) [ ]∣ . Note that if there is no time evolution between the
measurements then the states that aremeasuredwithin the sequence can be related. This is due to the fact that
they are obtained by successive application of the correspondingmaps a x∣ on the initial state. Recall that we
allow for arbitrary transformations between themeasurements which can depend on previous outcomes,
measurements and on the time step. This implies that in the scenario we consider here the effects of a

6
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measurement have to stay the same at each time step, however, the state that aremeasuredwithin the sequence
do not need to be related anymore but are completely arbitrary.

Appendix B.Dimensionwitness based on a sequence of length 3

In the followingwe consider the quantity = +++ + ++ - + +-- p p p000 001 010( ∣ ) ( ∣ ) ( ∣ )+
+-+ + +-+p p011 100( ∣ ) ( ∣ )+ +-- + ++ -p p101 110( ∣ ) ( ∣ )+ +++p 111( ∣ ) constructed from

temporal sequences of length three and investigate itsmaximum formeasurements on a qubit. In particular, we

prove that it holds that
=

  5.226
D 2

. The proof is analogous to the one used to derive the bounds for two-
dimensional systems on the quantities i in [13]. Note that this raises hope that onemay be able to show
dimension bounds also for quantities based on even longer sequences.

In order to prove the bound on  we first show that either themaximumof  is attained if for both
measurements the effect for outcome ‘−’ is proportional to a projector [case (i)] or   5 [case (ii)]. For case (i)
we identify then the optimal initial and post-measurement states and perform a numerical optimization (over 3
parameters) that strongly suggests that themaximal value of  that can be attainedwithmeasurements on a
qubit is given by 5.226 and is reached if the effects are projective for bothmeasurements.

Let usfirst define our notation. The effects for themeasurement setting s and outcome Î + -r ,{ }will be
denoted by r s∣ . First the following decomposition for these effects will be used

s= ++ a b c , 120 0 0( · ) ( )∣
 

= -- +  , 130 0 ( )∣ ∣

s= ++ a b d , 141 1 1( · ) ( )∣
 

= -- +  , 151 1 ( )∣ ∣

with Î c d, 3 
, = =c d 1∣ ∣ ∣ ∣ 

and s s s s= , ,1 2 3( )
where hereσi denote the Paulimatrices.Without loss of

generality we choose that b 0s and hence due to   0r s ∣ it has to hold that
+

 a0 s b

1

1 s
and b 1s for

Îs 0, 1{ }.Moreover, we denote by  in the initial state and by ñx the post-measurement states given that
measurementx has been applied at the first time step and by ñxy the post-measurement states given that in the
first time stepmeasurement x and at the second time stepmeasurement yhas been implemented (with the
respective outcomes as they occur in  ). Note that by post-measurement state we refer to the state that is
measured at the successive time step, i.e. the state after themeasurement potentially followed by some state
transformation.We parametrize these states via their Bloch decomposition

a s= +
1

2
16j j( · ) ( ) 

for Îj in, 0, 1, 00, 01, 10, 11{ }where a Î j
3
and a  1j∣ ∣ . It has been observed that if p abc xyz( ∣ ) fulfills the

AoT constraints it can bewritten as =p abc xyz p a x p b axy p c abxyz( ∣ ) ( ∣ ) ( ∣ ) ( ∣ ) [13, 12]. Here p b axy( ∣ ) is the
probability for obtaining outcome bwhen performingmeasurement y in the second time step given that in the
first time stepmeasurement x has been implemented and outcome a has been observed. Analogously,
p c abxyz( ∣ ) is the conditional probability distribution obtained for the third time step given the corresponding
previous outcomes andmeasurements. Using that the correlations factorize one obtains that

= + + + + ++ + - ++
+ - + - + - + + +-
+ + - + + + - + - +-
+ + + - ++ + + ++

 p p p p

p p p

p p p p

p p p

0 00 000 001

01 010 011

1 10 100 101

11 110 111 . 17

( ∣ ){ ( ∣ )[ ( ∣ ) ( ∣ )]
( ∣ )[ ( ∣ ) ( ∣ )]}
( ∣ ){ ( ∣ )[ ( ∣ ) ( ∣ )]
( ∣ )[ ( ∣ ) ( ∣ )]} ( )

Wewill next show that for arbitrary initial and post-measurement states   5 or itsmaximum is attained if for
bothmeasurements the effects corresponding to outcome ‘−’have rank 1. In order to do sowe consider the
decomposition of effects given in equations (12) and (13) and calculate the points where the derivative of
equation (17)with respect to a0 vanishes (all other parameters are assumed to befixed, but arbitrary).We
obtain that
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= + + + + ++ + - ++

+ - + - + - + + +-
+ + + + + ++ + - ++
+ + + + + ++
+ + - + - +- -
+ + - + + + -
+ + + + - ++ -
+ + - + - + + - + - +-

= + + + + + ++ + - ++
+ + + + + ++
+ + - + - +-
+ + - + + + -
- + + + - + + + + ++
- + + +- + - + -

- + - + =





a
a

p p p p

p p p

p p p p

p p p

p p p

p p p

p p p

p p p p

p p p p

p p p

p p p

p p p

p p p p p

p p p

p p

d

d
0 00 000 001

01 010 011

0 00 000 001

0 00 000

0 01 010 1

1 10 100

1 11 110 1

1 10 1 100 101

0 00 000 001

0 00 000

0 01 010

1 10 100

1 11 1 11 111

1 100 101

0 01 0.

0
0

( ∣ ){ ( ∣ )[ ( ∣ ) ( ∣ )]

( ∣ )[ ( ∣ ) ( ∣ )]}
( ∣ ) ( ∣ )[ ( ∣ ) ( ∣ )]
( ∣ ) ( ∣ ) ( ∣ )
( ∣ ) ( ∣ )[ ( ∣ ) ]
( ∣ ) ( ∣ ) ( ∣ )
( ∣ ) ( ∣ )[ ( ∣ ) ]
( ∣ )[ ( ∣ ) ][ ( ∣ ) ( ∣ )]

( ∣ ) ( ∣ )[ ( ∣ ) ( ∣ )]
( ∣ ) ( ∣ ) ( ∣ )
( ∣ ) ( ∣ ) ( ∣ )
( ∣ ) ( ∣ ) ( ∣ )
( ∣ ) ( ∣ ) ( ∣ ) ( ∣ ) ( ∣ )
( ∣ )[ ( ∣ ) ( ∣ )]

( ∣ ) ( ∣ ) !

This implies that for the points where the derivative vanishes

= + + + + + + + + ++
+ + + +- + - + -
+ + - + - + - + + +-
- + + + + ++ + - ++
- + + + + ++
- + - + - +-





p p p p p

p p p

p p p p p

p p p p

p p p

p p p

1 11 1 11 111

1 100 101

0 01 1 10 100

0 00 000 001

0 00 000

0 01 010 5. 18

( ∣ ) ( ∣ ) ( ∣ ) ( ∣ ) ( ∣ )
( ∣ )[ ( ∣ ) ( ∣ )]
( ∣ ) ( ∣ ) ( ∣ ) ( ∣ ) ( ∣ )
( ∣ ) ( ∣ )[ ( ∣ ) ( ∣ )]
( ∣ ) ( ∣ ) ( ∣ )
( ∣ ) ( ∣ ) ( ∣ ) ( )

It remains then to consider also the values of  at the boundary of the domain Î +a b0, 1 10 0[ ( )]. For a0=0
it holds that   3. Hence, either   5 or it attains itsmaximumvalue at a0=1/(1+b0). Note that  is
symmetric under the exchange of the twomeasurements and therefore it holds analogously that themaximum
of  is smaller or equal 5 or it is obtained for a1=1/(1+b1). Considering the case as=1/(1+bs) for s=0, 1
and substituting b0=p/(2−p) and b1=q/(2−q) the effects can then bewritten as

s= - ++ p p c
1

2
2 , 190 [( ) · ] ( )∣

 

s= --
p

c
2

, 200 ( · ) ( )∣
 

s= - ++ q q d
1

2
2 , 211 [( ) · ] ( )∣

 

s= --
q

d
2

, 221 ( · ) ( )∣
 

where  p0 1and  q0 1. Inserting this decomposition for p c abxyz( ∣ ) and the Bloch decomposition for
the states ñxy in  one obtains that

a

a

a

a

=
+

+ + - + + -

+ - + + - - -

+
+

- + - + + -

+ + + + - - -


p

p p q p c q d

p p q p c q d

p
p p q p c q d

p p q p c q d

0

2
00 2

01 2

1

2
10 2

11 2 . 23

00

01

10

11

( ∣ ) { ( ∣ )[ · ( )]

( ∣ )[ · ( )]}
( ∣ ) { ( ∣ )[ · ( )]

( ∣ ))[ · ( )]} ( )

  

  

  

  

From equation (23) it can be easily seen that it is optimal to choose

a a a a
g

= = - = - =
-

+ -
¹

pc qd

p q pq
pc qd

2 cos
if , 2400 10 01 11

2 2 ( )
( )   

 
 

where g = c dcos( ) ·

. Note that if =pc qd

 
then equation (23) does not depend on aj


for

Îj 00, 01, 10, 11{ }.With this and the notation g= - + + + -X p q p q pq2 2 cos0
2 2 ( ) and

g= + - + + -X p q p q pq2 2 cos1
2 2 ( ) we obtain
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a

a

=
+

+ + + - +

+
+

- + + + +

=
+

- + + -

+
+

+ - - -


p

p X p X

p
p X p X

p
p X qX pX c qX d

p
pX q X pX c qX d

0

2
00 01

1

2
10 11

0

4
2

1

4
2 . 25

0 1

0 1

0 1 0 0 1

0 1 1 0 1

( ∣ ) [ ( ∣ ) ( ∣ ) ]

( ∣ ) [ ( ∣ ) ( ∣ ) ]

( ∣ ) [( ) · ( )]

( ∣ ) [ ( ) · ( )] ( )

  

  

This quantity ismaximized by choosing

a a
g

=- =
-

+ -

¹

pX c qX d

p X q X pqX X

pX c qX d

2 cos

if .. 26

0 1
0 1

2
0
2 2

1
2

0 1

0 1

( )

( )

 
 

 

Using this as well as the notation g= - + + + -Y p X qX p X q X pqX X2 2 cos0 0 1
2

0
2 2

1
2

0 1( ) ( ) and
g= + - + + -Y pX q X p X q X pqX X2 2 cos1 0 1

2
0
2 2

1
2

0 1( ) ( ) leads to

a+ + + = - + - + +p Y p Y p Y q Y pY c qY d
1

4
0 1

1

8
2 2 , 270 1 0 1 in 0 1[ ( ∣ ) ( ∣ ) ] [( ) ( ) · ( )] ( )  

which attains its largest value for

a
g

=
+

+ +
¹ -

pY c qY d

p Y q Y pqY Y
pY c qY d

2 cos
if . 28in

0 1

2
0
2 2

1
2

0 1
0 1

( )
( )

 
 

Hence, for the optimal states and themeasurements of the form given in equations (19)–(22)wehave that

g= - + - + + + p Y q Y p Y q Y pqY Y
1

8
2 2 2 cos . 290 1

2
0
2 2

1
2

0 1[( ) ( ) ( ) ] ( )

Performing a numerical optimization of the upper bound over the remaining 3 parameters one obtains that

= =p q 1 and g = -cos 0.458( ) which yields
=

  5.226
D 2

. For this choice of parameters a a a= =0 00 10
  

and
a a a= =1 11 01
  

which implies that there existmeasurements constituting offirst applying a projective
measurement and then preparing afixed state that allow one to obtain themaximumvalue of  on a qubit (for a
trivial time evolution between themeasurements).Moreover, note that we only imposed that the effects of the
measurements are the same at each time step and allowed for arbitrary post-measurement states. This implies
that for arbitrary state transformations between themeasurements this bound cannot be exceededwith a
qubit.

AppendixC.Measurements that lead tomaximal violations of the temporal inequalities

Infigure 3 themeasurement sequences using the optimalmeasurements for the quantity 1 are depicted in
detail.Wewill next consider themeasurements that allow to reach themaximal possible values for the quantities
i for =i 2, 3, 4whose pulse sequences are given in table 1 in themain text. Themeasurements for 1 and 
which coincide have been explained in themain text.

Here and in the following the initial state will be ñ0∣ . The post-measurement state for0 is for all quantities
and outcomes ñ1∣ and the one for1 is always ñ2∣ .More precisely, the instruments are implemented by
performing a projectivemeasurement (which one is depending on the quantity i and the setting) and then
preparing the system in afixed state (which one depends solely on the setting). In order to reach the algebraic
maximumof 2 themeasurement0 has the effect = ñá + ñá+ 0 0 2 20 ∣ ∣ ∣ ∣∣ associated to outcome ‘+’ and

= ñá- 1 10 ∣ ∣∣ corresponding to outcome ‘−’. For1 the effects are given by = ñá + ñá+ 0 0 1 11 ∣ ∣ ∣ ∣∣ and
= ñá- 2 21 ∣ ∣∣ . It follows straightforwardly that thesemeasurements lead to = 42 .
In order to see that the pulse sequences given in table 1 allow to reach the the algebraicmaximumof 3

consider firstmeasurement0. The effects that are realizedwith this pulse sequence are given by = ñá+ 0 00 ∣ ∣∣
and = ñá + ñá- 1 1 2 20 ∣ ∣ ∣ ∣∣ . For themeasurement1 the effects are = ñá + ñá+ 0 0 2 21 ∣ ∣ ∣ ∣∣ and

= ñá- 1 11 ∣ ∣∣ . It can be easily seen that with thesemeasurements one obtains themaximal possible value of 3.
For the quantity 4 the effects for0 are given by = ñá + ñá+ 0 0 2 20 ∣ ∣ ∣ ∣∣ and = ñá- 1 10 ∣ ∣∣ . The ones for

1 correspond to = ñá+ 0 01 ∣ ∣∣ and = ñá + ñá- 1 1 2 21 ∣ ∣ ∣ ∣∣ . As can be easily seen thesemeasurements allow to
attain the algebraicmaximumof 4.

Itmay happen that during theDoppler cooling (see figure 3 andmain text) the ion decays to ametastable
state (with lowprobability). Thismetastable state shows a lowfluorescence rate and is thereforemainly detected
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as a dark state. Due to this process themeasurements that are implemented in the experiment deviate from the
idealmeasurements explained above.

AppendixD. Resultswith validation of the sequences

Asmentioned in appendix C itmay happen that during theDoppler cooling the ion decays to ametastable state.
Here themonitored coolingfluorescence gives an indicator whether the ion is in the ground state (high
fluorescence rate) or in ametastable state (lowfluorescence rate). Hence, thefluorescence rate can be used for a
validation procedure. If the ion is in ametastable state the subsequentmeasurement does not start with a
properly initialized qutrit and is therefore discarded in the validation. In table 2 the experimental values  i

exp

and  exp obtained from the experimental datawith validation are presented.

Appendix E. Confidence intervals and analysis of the AoT constraints

In this appendixwe first explain the derivation of the confidence intervals for the experimental values of  i
exp in

more detail (see also [52, 53]). For  exp the derivation is analogous. Thenwewill outline the analysis of the AoT
constraints. The derivation of the confidence interval is based onHoeffding’s inequality [49]which states the
following.

LetXi be independent random variables with  a X bi i i for Î ¼ ni 1, ,{ }and no further assumption
on their distribution.Moreover, denote by = å =X X ni

n
i1

¯ their samplemean and by  X( ¯ ) themean value of
X̄ . Then it holds for all >t 0 that

Figure 3. Scheme for the complete sequencewith themeasurementsx followed byy for the quantity 1. Eachmeasurement
includes two p k0 —pulses. Before themeasurements starts, the ion is prepared in ñ0∣ by optical pumping (P0). After each detection (D)
the ion isDoppler cooled (C) and re-prepared by P0. After the lastmeasurement, the generated postmeasurement state is Doppler
cooled in order to reset the qutrit before performing the nextmeasurement.

Table 2.Experimental values
for the quantities i and 
with validation of the
sequences.

Exp. values

1 3.67±0.06
2 3.68±0.06
3 3.78±0.06

4 3.74±0.06

 7.06±0.05
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- -
å -

  X X t
n t

b a
Prob 2 exp

2
. 30

i i i

2 2

2

⎡
⎣⎢

⎤
⎦⎥[∣ ¯ ( ¯ )∣ ]

( )
( )

The randomvariable ºX Zi x y
j

,( ) will refer in the following to the jth conduct of themeasurement x in thefirst
time step followed bymeasuring setting y in the second time step.More precisely, depending on the quantity,

aå p ab xya b x y x y
a b

, , , ,
, ( ∣ )( )

( ) , we assign to Z x y
j

,( ) the value a n nx y
a b

x y,
,

,( )
( )

( ), where a (b) corresponds to the outcome of the
measurement in the first time step (second time step) of the jth repetition and n x y,( ) is the total number of
repetitions of the respectivemeasurement sequence.Note that as before n denotes here the number of random
variables which corresponds to = ån nx y x y, ,( ).With this it can be easily seen that due to the fact that

a Î 0, 1x y
a b

,
, { }( )

( ) the samplemean corresponds to aå fa b x y x y
a b

x y
a b

, , , ,
,

,
,

( )
( )

( )
( ), where f

x y
a b
,
,

( )
( ) are the frequencies obtained in

the experiment for the corresponding sequence ofmeasurements and outcomes.Hence, it holds for the
quantities  i

exp

- -
å

   t
t

n
Prob 2 exp

2

1
. 31i i

x y x y

exp
2

, ,

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥[∣ ( )∣ ] ( )

( )

The confidence intervals are then obtained as follows.We demand that the probability for  i
exp to deviate from

 i( ) by atmost t is larger or equal than γ, i.e.

gÎ - + = - -        t t tProb , 1 Prob , 32i i i i i
exp exp[ [ ( ) ( ) ]] [∣ ( )∣ ] ( )

and determine t as a function of γ. The values of t and γ for which the bounds in equations (31) and (32) on
-   tProb i i

exp[∣ ( )∣ ]coincide fulfill

g-
å

= -
t

n
2 exp

2

1
1 . 33

x y x y

2

, ,

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥ ( )

( )

This is equivalent to

åg
= -

-
t

n
ln

1

2

1

2
. 34

x y x y, ,

⎜ ⎟⎛
⎝

⎞
⎠ ( )

( )

Therefore, the value of t that defines a confidence interval of 68%, can be calculated by using the equation above
with g = 0.68. The corresponding confidence interval for  exp can be derived analogously. It should be noted
that such confidence intervals do not rely on any assumptions about the distribution of the randomvariables.
Note further that these confidence intervals are not typically used in the analysis of ion trap experiments (for an
exception see [52]).

TheAoT constraints have been examined on the experimental data with validation (see appendixD). In
order to estimate the validity of the AoT constraints for the observed experimental data it suffices for sequences
of length two to consider the conditions å - å =p b x p b x0 0 0 1 0b b( ∣ ) ( ∣ ) for Îx 0, 1{ }as all other conditions
are linearly dependent on this one.We performed a likelihood-ratio test (see e.g. [52] formore details) to
evaluate how likely the observed violation (or higher violations) is under the assumption that the AoT
constraints hold true.

In order to test theAoT constraints with high precisionwe repeated the experiment performing the protocol
that leads to themaximumvalue of the quantity 2 withmore than 12 000 repetitions permeasurement
sequence. Using the likelihood-ratio test we obtain for this data a statistical significance of the violation
equivalent to 3.5 standard deviations which shows that for longer runs of the experiment apparent signalingwith
respect to the past can be observed.

This effect can be explained as follows. The experiment is performed in a cycle of allmeasurement
combinations (0 0, 0 1, 1 0, 1 1). Such a cycle is then repeatedmore than 12 000 times. This implies that each
measurement always follows allmeasurements of the previous cycle and themeasurement is affected by the
measurements of the previous cycle and each cycle before. For example the pulse fidelity (due to loading of
capacitors in the electrical set-up) can change depending on the sequence step. The extent of this influence is so
small, that it has no significance for smaller data sets but it accumulates for long running times of the
experiment. In order to examine the validity of the AoT constraints for the sequences of length 3we consider the
14 linearly independent constraints and perform a likelihood-ratio test.
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