
Solid state physics for Nano

Lecture 5: Specific heat and
anharmonicity

Prof. Dr. U. Pietsch



Safety instructions:  13.5.19 
10 am

Additional excercise: 10.5. 12:30
B019



Pseudo-momentum of phonons

)exp(1
)exp(1

ika
iNka

dt
duMe

dt
duMu

dt
duMp iSKa

s

−
−

=== ∑∑

C. Kittel p 101: A phonon of wavector K will interact with particles such as photons, 
neutrons, and electrons as if it had a momentum ℏK. However, a phonon does not 
carry physical momentum. [...] The true momentum of the whole system always is 
rigorously conserved.

Phonons have no physical momentum , p= ℏΚ,  because the the atomic
displacement is on relative coordinates and the sum over all these atomic
displacements is always zero
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BUT: Phonon can exchange momentum by interaction with other
quasi particles : electron – phonon intercation, phonon-phonon 
interaction
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Methods to measure phonons: neutron scattering

De Broglie 
1892- 1987
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Methods to measure phonons: neutron scattering
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Inelastic neutron scattering E<>E0

Phonon is created (+) or annihilated (-)

Energy conservation
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Nature Physics 7, 119–124 (2011) 



Research Reactor FRM II in Garching 

https://www.frm2.tum.de/





Methods to measure phonons: Raman and IR

Sir C. V. Raman
1888 - 1970
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Stokes line Anti- Stokes lineRayleigh line

Raman spectrum from sulfur

www.spectroscopyonline.com/

electr. dipole moment, m
polarizability, α



Energy of lattice vibration : Phonons  

Energy of lattice vibration is quantized, quantum = phonon = bosons, thermally excited
lattice vibrations are „thermal phonons“,  calculated following black body radiation

total energy of N oscillators
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Harmonic oscillator model
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Number n of excited phonons? what is mean quantum number <n> ?
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For T=0  <n>=0  ω2
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Total energy of whole phonon spectrum

For low T  

 <n> ≈  exp (- ħω/kT)

Classical limit



1D Crystal with length L=Na
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Each normal mode has form of standing wave
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Standing waves in 3D
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3N branches , 1L + 2T, for p atoms in unit cell 3D spectral Density of states



Approxomations of the Phonon spectrum

A all ω approximated by single ωΕ Einstein frequency

B ω(q) approximated by ω=vs q    - Debye model

A: Einstein model :  
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Specific heat : impact of Phonons  
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Energy per degree of freedom 0.5 kT
 for N atoms with 3N degrees of freedom E= 3NkT=3RT/mol
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for low T
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Depending on ω



A: Einstein model :  ∫
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kTE <ω k
Np
cV 3= Correct : Dolong-Petit law
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Debye integral
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Universal cv curve

Exp. vibration spectrum of Vanadium, 
and Debye approximation

All optical modes excited

Only acoustic modes excited



Anharmonic effects: thermal expansion

So far phonons are described in terms of Hook´s law: )²()()( 00 rrArVrV −+=
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Anharmonic phonon modes: Grüneisen constants

Frequency of lattice vibrations depends on volume
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Thermal conductivity
TJ h ∇−= κHeat current density κ -Thermal conductivity

In solids calculate J as function of mean number of phonons <n>(x) being different at 
different positions x. Using x=vxτ
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Transport by phonon diffusion, or single phonons can decompose into two phonons

τ
0||

nn
t
n

t
n

t
n

decaydiff

−
−=

∂
∂

+
∂

∂
=

∂
∂ τ - mean decay time 

vx – group velocity

x
T

T
n

v
x
n

v
t
n

xxdiff ∂
∂

∂
∂

−=
∂

∂
−=

∂
∂ 0| x

T
T
n

v
V

J
rq

xh ∂
∂

∂
∂

−= ∑ 0

,
, ²

3
1 ωτ

0
,

1 n
TV

c
rq

V ∂
∂

= ∑ ω τvl = vlcV3
1=κusing and 

l - mean free pathway Note: cv = cv(T);    l=l(T)



Pure silicon Doped Germanium

NA 1019 /cm 

NA 1015 /cm 

Phys.Rev.134, 
1058(1964)

Proc.Royal. Soc. 238, 
502 (1957)

Defect scattering - Experiments
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