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Lecture 4: Phonons
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Crystal lattice vibration

Hook´s law

longitudinal

transversal

Fn– Force on plane n; 
Cp – force constant between planes 

of distance p



lattice vibration of 1D monoatomic chain  

Equation of motion

 −= +

p

npnpn uuCF )(

+

−=

+ −=
p

npnp
n uuC

dt

ud
M )(

²

²

Ansatz: 
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a – lattice spacing; q – wave number,          - wave vectorq
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Solution of 1D wave equation
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Cp= -Cp

Dispersion relation
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(q) – dispersion – nonlinear function



Small q ²...)²²11(
2

)cos(1(
2

²
2
1 apq

M

C
pqa

M

C
+−=−=

Only nearest neighbours , p=1 

)
2

²(sin
4

²

)
2

²sin2(
2

)cos(1(
2

²

1

11

qa

M

C

qa

M

C
pa

M

C

=

=−=





~ q

1st Brillouin zone contains all information : (q) is periodic in q*a 
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Only in range |qa|< 2p independent values of q
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Range of 1st Brillouin zone
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Group velocity= signal velocity of
a wave packet
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phase velocity > group velocity
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lattice vibration of 1D bi-atomic chain  
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Quadratic equation in ²

M1 M2
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Acoustic branch

Optical branch
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Optical 
frequency gap
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Equal masses : M1=M2

a
q

a

pp
−

a
q

a 22

pp
−



Phonons in 3D

• 3D  crystal of size Pa1, Pa2, Pa3 may contain S different atoms per unit cell
• Each atoms has 3SP³=3SN degrees of freedom for displacements
• Each displacement results in 1D equations of motion
• → 3SN differential equation with 3SN solutions
• Direction of wave propagation given by vector K
• Displacement u= u0 exp(i(K´an-t) )  using
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• Valid values in 1st BZ
• Number of solutions is 3S
• 3S equation give 3S branches j(K), j=1,2,3, corresponds to 1 long + 2 trans modes

• In total  3 acoustic branches and 3(S-1) optical branches

K´ periodic in 3D



Group and phase velocities

Phase velocity
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Group velocity = signal velocity

This shows a wave with the group velocity 
and phase velocity going in different 
directions. The group velocity is positive, 
while the phase velocity is negative.

https://en.wikipedia.org/wiki/Phase_velocity#/media/File:Wave_opposite-group-phase-velocity.gif



Phonon dispersion
of Cu

Phonon dispersion
of GaAs

Ab initio phonon dispersions of 
transition and noble metals: effects of 
the exchange and correlation functional
Andrea Dal Corso 

http://wolf.ifj.edu.pl/phonondb/gaas.htm


